Abstract. We shall study the chamber structure of positive cone of the albanese fiber of the moduli spaces of stable objects on an abelian surface via the chamber structure of stability conditions.
Introduction
Let X be an abelian surface. A Mukai lattice of X consists of H 2 * (X, Z) := ⊕ 2 i=0 H 2i (X, Z) and an integral bilinear form , on H 2 * (X, Z):
x 0 + x 1 + x 2 ̺ X , y 0 + y 1 + y 2 ̺ X := (x 1 , y 1 ) − x 0 y 2 − x 2 y 0 ∈ Z, where x 1 , y 1 ∈ H 2 (X, Z), x 0 , x 2 , y 0 , y 2 ∈ Z and ̺ X ∈ H 4 (X, Z) is the fundamental class of X. We also introduce the algebraic Mukai lattice as the pair of H * (X, Z) alg := Z ⊕ NS(X) ⊕ Z and , on H * (X, Z) alg . For x = x 0 + x 1 + x 2 ̺ X with x 0 , x 2 ∈ Z and x 1 ∈ H 2 (X, Z), we also write x = (x 0 , x 1 , x 2 ). We denote the category of coherent sheaves on X by Coh(X) and the bounded derived category of Coh(X) by D(X). For β ∈ NS(X) Q and an ample divisor ω ∈ Amp(X) Q , Bridgeland [6] constructed a stability condition σ β,ω = (A (β,ω) , Z (β,ω) ) on D(X). Here A (β,ω) is a tilting of Coh(X), and Z (β,ω) : D(X) → C is a group homomorphism called the stability function. In terms of the Mukai lattice (H * (X, Z) alg , , ), Z (β,ω) is given by Z (β,ω) (E) = e β+ √ −1ω , v(E) , E ∈ D(X).
Here v(E) := ch(E) is the Mukai vector of E. For abelian surfaces, these kind of stability conditions form a connected component Stab(X) * of the space of stability conditions up to the action of the universal cover GL + (2, R) of GL + (2, R) as stated in [6, sect. 15] . If NS(X) = ZH, then Stab(X) * / GL + (2, R) is isomorphic to the upper half plane H. For v ∈ H * (X, Z) alg , M (β,ω) (v) denotes the moduli space of σ (β,ω) -semi-stable objects E with v(E) = v. If (β, ω) is general, we showed that M (β,ω) (v) is a projective scheme [15, Thm. 0.0.2]. If v is primitive and v 2 ≥ 6, then as a Bogomolov factor, we have an irreducible symplectic manifold K (β,ω) (v) which is deformation equivalent to the generalized Kummer variety constructed by Beauville [3] . For a parameter (β, ω) = (β, tH) (t ≫ 0) called the large volume limit, M (β,tH) (v) coincides with the moduli space of stable sheaves M H (v). As is well-known, Fourier-Mukai transforms do not preserve Gieseker's stability. On the other hand, any Fourier-Mukai transform preserves the Bridgeland's stability. Thus Bridgeland's stability is a right notion for the study of stable sheaves at least on abelian surfaces.
In [15, sect. 4.3] , we relate the ample cone of K (β,ω) (v) to a chamber of the parameter space. In particular, we get a description of the ample cone of K H (v), where K H (v) is the Bogomolov factor of M H (v). The main purpose of this note is to refine the correspondence. For a Mukai vector v ∈ H * (X, Z) alg , we shall construct a map from our space of stability conditions NS(X) R × Amp(X) R to the positive cone P + (v ⊥ ) R of v ⊥ . This map is surjective up to the action of R >0 on P + (v ⊥ ) R (Proposition 3.11). More precisely, we slightly extend the map in order to treat the boundary of positive cone. We introduce the wall and chamber structures on these spaces and show that they correspond each other. By using these descriptions, we also study the movable cone of K (β,ω) (v). As an application of our results, we give a characterization of M H (v) to be birationally equivalent to Pic 0 (Y ) × Hilb
, where Y is an abelian surface (Proposition 3.37). This result also follows from a characterization of the generalized Kummer variety by Markman and Mehrotra [12] . We also study the location of walls. If rk NS(X) ≥ 2, we show that the stabilizer of v in the group of auto-equivalences is infinite. Hence if there is a wall, then we can generate infinitely many walls by the action of auto-equivalences. We also show that there is an example of X and v such that there is no wall, which implies that the ample cone of K H (v) is the same as the positive cone and the autoequivalences act as automorphisms of M H (v).
The study of the movable cone is motivated by recent works [1] and [2] . They studied the movable cones of the moduli spaces for the projective plane and a K3 surface by analysing the chamber structure 2010 Mathematics Subject Classification. 14D20. The author is supported by the Grant-in-aid for Scientific Research (No. 22340010), JSPS.
1 of Bridgeland's stability. For an irreducible symplectic manifold, Markman [10] studied the movable cone extensively. In particular, he obtained a numerical characterization of the movable cone. In this sense, our result (Theorem 4.14) gives concrete examples of his results.
Let us briefly explain the contents of this note. In section 1, we introduce some notations and recall known results on irreducible symplectic manifolds. In particular, we define our parameter space of stability condition and the wall for stability conditions. We also give a characterization of the walls in terms of Mukai lattice (Proposition 1.2). In section 2, we shall study the cohomological action of the autoequivalences of D(X), which will be used to study the set of walls. We first treat the case where rk NS(X) = 1. In this case, we can use the 2 by 2 matrices description of the cohomological action of the Fourier-Mukai transforms in [22] . We then describe the stabilizer group Stab(v) of a Mukai vector v. By using it, we shall construct many auto-equivalences fixing v for all abelian surfaces.
In section 3, we relate our space of stability condition with the positive cone of the moduli spaces. We first construct a map from the space of stability conditions to the positive cone. Then we describe the nef cone of the moduli spaces. In subsection 3.3, we study the divisorial contractions of the moduli spaces. Then we get the description of movable cones (Theorem 3.29).
In section 4, as an example, we treat the case where NS(X) = ZH. In this case, the boundaries of P + (v ⊥ ) R are spanned by two isotropic vectors v ± . For a Mukai vector v = (r, dH, a), we show that v ± are not defined over Q if and only if v 2 /(H 2 ) ∈ Q. For the rank 1 case, this condition is equivalent to the existence of infinitely many walls [23] . According to Markman's solution [10] of the movable cone conjecture of Kawamata and Morrison ([7] , [16] ), we have infinitely many walls under this condition. By our correspondence of the space of stability conditions and the positive cone, we see that the accumulation points correspond to the two boundaries R >0 v ± which are the accumulation points set of walls. Thus we get an exlanation of the existence of accumulation points in terms of the positive cone. For the general cases, if v 2 /(H 2 ) ∈ Q, then we show that infinitely many Fourier-Mukai transforms preserve v as in the rank 1 case. So there are infinitely many walls if there is a wall. However as in the case where rk NS(X) ≥ 2, we have an abelian surface and a Mukai vector v such that there is no wall for v. In section 5, we shall explain how our result on the movable cone follows from Markman's general theory.
Acknowledgement. The author would like to thank Eyal Markman very much for his explanation of his results in detail.
1. Preliminaries
where p X , p Y are projections from X × Y to X and Y respectively. The set of equivalences between D(X) and D(Y ) is denoted by Eq(D(X), D(Y )). We set where k = Q, R. For a cone V ⊂ R m , we set C(V ) := (V \ {0})/R >0 . We fix a norm || || on R m . Then we have a bijection V \ {0} → C(V ) × R >0 by sending x ∈ V \ {0} to (x/||x||, ||x||).
We set
We have an identification H → NS(X) R × Amp(X) R via (β, H, t) → (β, tH). 
we define the wall W v1 as
W denotes the set of Mukai vectors v 1 satisfying (1.2). A chamber for stabilities is a connected component of H \ ∪ v1∈W W v1 .
As we explained in [23] , [15, Prop. 4.2.2] implies that if (β, H, t) ∈ W v1 , there is a properly σ (β,tH) -semistable object E with v(E) = v. In general, W v1 may be an empty set. We have the following characterization for the non-emptyness of the wall whose proof is given in subsection 3.2. We set v 1 := (r 1 , ξ 1 , a 1 ). Then the defining equation of
(1.5)
Proof. (1) Assume that r 1 ξ − rξ 1 = 0. Then we can take H ∈ Amp(X) Q with (r 1 ξ − rξ 1 , H) = 0. We take β ∈ NS(X) Q with (ξ − rβ, H) = 0. Then we have (ξ 1 − r 1 β, H) = 0. Since Z (β,tH) (v) = 0, (1.5) implies that (β, H, t) ∈ W v1 . Since the hypersurface (ξ − rβ, H) = 0 is irreducible, we get the claim. (2) If
Since v 1 ∈ Qv, W v1 is defined by (ξ − rβ, H) = 0. 
where k = Q, R and h is an ample divisor on M . We also set
By using the results of Boucksom [5] , Markman showed that Mov(M ) Q is contained in P + (M ) Q ([10, Lem. 6.22]). (1) K (β,ω) (v) denotes the fiber of the albanese map
If there is a universal family E on M (β,ω) (v), e.g., there is a Mukai vector w with v, w = 1, then
which is deformation equivalent to the generalized Kummer variety constructed by Beauville [3] .
) is an isometry of Hodge structure.
2. Fourier-Mukai transforms on abelina surfaces.
Cohomological Fourier-Mukai transforms.
We collect some results on the Fourier-Mukai transforms on abelian surfaces X with rk NS(X) = 1. Let H X be the ample generator of NS(X). We shall describe the action of Fourier-Mukai transforms on the cohomology lattices in [22] . For Y ∈ FM(X), we have (H 
where Sym 2 (Z, n) is given by
and the bilinear form B on Sym 2 (Z, n) is given by
Each Φ X→Y gives an isometry
where O(Sym 2 (Z, n)) is the isometry group of the lattice (Sym 2 (Z, n), B). Thus we have a map
which preserves the structures of multiplications. Definition 2.1. We set
We have a right action · of G on the lattice (Sym 2 (Z, n), B):
Thus we have an anti-homomorphism: 
Then θ(Φ) is uniquely determined by Φ and we have a map
Thus we have the following commutative diagram:
From now on, we identify the Mukai lattice H * (X, Z) alg with Sym 2 (n, Z) via ι X . Then for g ∈ G and
We also need to treat the composition of a Fourier-Mukai transform and the dualizing functor
Then the action of θ(Φ • D X ) on Sym 2 (Z, n) is the same as the action of Φ • D X .
2.2.
A stabilizer subgroup. We keep the notation in subsection 2.1. In particular, we assume that rk NS(X) = 1. We shall study the stabilizer of ±v ∈ H * (X, Z) alg /{±1} in G. Assume that
and xw − yz = ǫ. Then we have
(2.9)
We set y := −λaz and w := λ(tx + 2d
Conversely for x, z with (2.11)
we define y, w by (2.10). Then (2.9) are satisfied. We note that (2.11) is written as
We set X :
where (2.15)
We have F 2 = ℓI 2 . We set
In particular, if n = 1 and ℓ > 1, then ϕ is injective.
Proof. We set α :
which impy that
We note that α satisfies the equation
Since 2X = x + w is an algebraic integer, α is an algebraic integer. By (2.19),
Thus (1) holds.
(2) We first prove that im ϕ = {±1}. We take a solution (p, q) ∈ Z ⊕2 of p 2 − nℓq 2 = 1 such that q = 0. We set X := p and Z := q √ n. Then (2.21)
satisfies all the requirements. Therefore im ϕ = {±1}. By the Dirichlet unit theorem, the torsion part of im ϕ is {±1}. Since α 2 is a unit of the ring of integers of Q( √ nℓ), the rank of im ϕ is 1, which implies the claim.
If
Therefore the first part of the claims holds.
Assume that n = 1 and ℓ > 1. Then
2 are relatively prime. Hence ℓ | n, which is a contradiction. Therefore the second part also holds.
All elements of Stab 0 (v) * comes from autoequivalences of D(X) (see Lemma 2.5 below).
In particular,
] is the ring of integers. Since X ± dZ ≡ X − Z mod 2, fundamental unit of O is the generator of im ϕ.
2.3.
The case where rk NS(X) ≥ 2. Assume that rk NS(X) ≥ 2. Let v = (r, ξ, a) be a Mukai vector with v 2 = 2ℓ. By using Proposition 2.3, we shall construct many autoequivalences preserving v. Assume that ξ ∈ Amp(X) and set ξ = dH, where H is a primitive and ample divisor. Let L := Z ⊕ ZH ⊕ Z̺ X be a sublattice of H * (X, Z) alg .
Lemma 2.5. Let v 0 = (p 2 n, pqH, q 2 ) be a primitive and isotropic Mukai vector with n = (H 2 )/2 and gcd(pn, q) = 1.
(
Moreover we have the following. (a) Φ is unique up to the action of Aut(X) × Pic 0 (X) × 2Z, where 2k ∈ 2Z actios as the shift
Proof. (1) We fix a stable sheaf E with v(E) = v 0 . Let P be the Poincaré line bundle on X × Pic 0 (X). Then we have a surjective homomorphism Pic
, where X m denotes the set of m-torsion points of X, which is the kernel of m : X → X the multiplication by m ∈ Z >0 . Hence we have a morphism φ :
(2) By our assumption, we have a universal family E on X × M H (v 0 ). By (1), we have an isomorphism
Thus we may assume that E ∈ Coh(X × X). Then we have an equivalence Φ :
, where N ∈ Pic 0 (X) and Γ is the graph of g ∈ Aut(X). Hence Φ
where E is the universal family in (2). We set β :
We take integers x, y with ypn − xq = ±1. Then we have v 1 = (x 2 , xyH, y 2 n).
Therefore the claim holds.
Let m : X × X → X be the addition map. Then
We shall compute φ *
Proof. Let e 1 , e 2 , e 3 , e 4 be a basis of
we identify e i ⊗ 1 with e i and denote 1 ⊗ e i by f i . Then
We denote the class by η. Then we see that
where {(e i ∧ e j ) * | i, j} is the dual basis of {e i ∧ e j | i, j} via the intersection pairing. We note that H ⊥ is generated by e 1 ∧ e 2 − ne 3 ∧ e 4 , e 2 ∧ e 4 , e 1 ∧ e 3 , e 2 ∧ e 3 , e 1 ∧ e 3 .
Then we see that
By Lemma 2.5, every member of Stab 0 (v) * comes from an autoequivalence of D(X) and we have a
Lemma 2.7. For a Mukai vector v = (r, ξ, a), assume that (ξ 2 ) > 0. We set ξ := dH, where H is a primitive ample divisor and 3. The space of stability conditions and the positive cone of the moduli spaces.
3.1.
A polarization of M (β,tH) (v). We shall explain a natural ample line bundle on the moduli space M (β,tH) (v), which is introduced in [15] and [2] .
Let v = (r, ξ, a) be a Mukai vector with r = 0. We set δ :
By taking a norm on NS(X) R , we regard C(Amp(X) R ) as a subset of Amp(X) R .
Proof.
For the complex conjugate
Hence the claim holds.
Remark 3.3. The expression of ξ(β, H, t) in Lemma 3.2 appeared in [2] . The difference of the sign comes from the difference of θ v and θ v,β,tH . 
where ξ ∈ NS(X) Q and ξ := 
By [15, sect. 5 .1], we get the following commutative diagram:
Remark 3.7. We have a commutative diagram
where
3.2. Stability conditions and the positive cone. Assume that r = 0. We note that ξ(β, H, t) ∈ ̺ ⊥ X if and only if δ − β ∈ H ⊥ . In this case, we have ((δ − β) 2 ) ≤ 0, which implies that
2r 2 > 0. Therefore we get the following claim.
Lemma 3.8. ξ(β, H, t) ∈ ̺ ⊥ X if and only if ξ(β, H, t) = r(η + (η, δ)̺ X ), η ∈ Amp(X) R . Moreover η ∈ Amp(X) R if and only if tH ∈ Amp(X) R .
Lemma 3.9. Assume that (β − δ, H) = 0 and set
(3.14)
Moreover the equality holds if and only if (β, H, t) satisfy (i) or (ii).
(2) It is sufficient to prove (
Definition 3.10. We set (3.16) where k = Q, R and H 0 ∈ Amp(X) Q . Proposition 3.11. We have a map
whose image is
Moreover if tH is ample, then ξ(β, H, t) belongs to the interior of C + .
Proof. An element 
Then the conditions are x ≥ σ + if y > 0 and x ≤ σ − if y < 0. If y = 0, then the condition is (η 2 ) ≥ 0 and (D, H) > 0, that is, η ∈ Amp(X) R .
We shall first prove that im(Ξ) contains C + . By Lemma 3.8, we may assume that y = 0. We shall find (β, H, t) such that β = δ + sH + D, (s ∈ R >0 , D ∈ H ⊥ ) and ξ(β, H, t) = u. We set
Then g(s, 0) define continuous functions from (0, ∞) to [σ + , ∞) and from (−∞, 0) to (−∞, σ − ]. Hence we can take s ∈ R with ξ(δ + sH + D, H, 0) = u. If y = 0, then Lemma 3.8 implies that u ∈ im Ξ. Conversely for ξ(β, H, t), Lemma 3.8 or Lemma 3.9 implies that ξ(β, H, t) ∈ C + . Therefore the claim holds.
Remark 3.12. If u in (3.18) belongs to H * (X, Z) alg ⊗ Q, then there is (β, H, t) such that Ξ(β, H, t) = u, β, H ∈ NS(X) Q and t 2 ∈ Q: Indeed if u ∈ H * (X, Z) alg , then we may assume that H ∈ NS(X) Q . For g(s, 0) ∈ Q, we can take (s ′ , t ′ ) such that s ′ , t ′ 2 ∈ Q and g(s ′ , t ′ ) = g(s, 0). Hence the claim holds. 
Proof of Proposition 1.2. By Proposition 3.13 and Proposition 3.11, it is sufficient to find the condition
Since the signature of v ⊥ is (1, rk NS(X)), the condition is (η 2 ) < 0. Since
we get the claim.
Definition 3.14.
is a chamber. (2) D(β, H, t) is a chamber such that ξ(β, H, t) ∈ D(β, H, t).
D(β, H, t) consists of x ∈ P + (v ⊥ ) R such that ξ(β, H, t), ±v 1 > 0 implies x, ±v 1 ≥ 0, that is, ξ(β, H, t), v 1 x, v 1 ≥ 0. fix a general (β, H, t) .
(1) If (β ′ , H ′ , t ′ ) belongs to a chamber and
In the notation of [15, sect. 4.3], we note that 
R is an isomorphism, the claim follows from Proposition 3.11.
(3) By (1) and (2), θ β,H,t (D(β, H, t)) is contained in Nef(K (β,tH) (v)) R . Then the claim follows from [15, Cor. 4.3.3 (2)]. More precisely, we proved that ξ(β 
gives a contraction. If r 1 ξ − rξ 1 = 0, then W v1 is the set d β ′ = 0 by Lemma 1.4 (1) . In this case, θ v,β,tH (ξ(β ′ , H ′ , t ′ )) gives a contraction.
The movable cone of K (β,tH) (v).
Definition 3.16. We set
By the classification of walls in [14] , the following is obvious.
Lemma 3.17. For v 1 ∈ I 1 and w 1 ∈ W with w 1 ∈ Zv 1 , v
We set w 1 := xv 1 + yv 2 + η and w 2 := (ℓ − x)v 1 + (1 − y)v 2 − η (x, y ∈ Z, η ∈ L). By replacing w 1 by w 2 if necessary, we may assume that y ≥ 1. Since w 1 ∈ W, w 
We also have the following result.
Proposition 3.19. Assume that v is a primitive Mukai vector with
Moreover if the equality holds, then
In this case, we have v 1 = w 1 or 2v = ℓ(v 1 + w 1 ). By the primitivity of v and ℓ ≥ 4, The latter case does not occur. Hence we have
Thus −2ℓ < ℓ 2 v 1 , w 1 − 2ℓ < 2ℓ, which implies that 0 < ℓ v 1 , w 1 < 4. Since ℓ ≥ 4, this does not occur. Therefore the claim holds. (1) d u is a primitive vector with d
Obviously R u preserves the bilinear form. Therefore R u is an isometry of v ⊥ . Proof. We have a decomposition
where L is a lattice with Φ(L) = NS(Y ). Hence we see that
, we get the claim.
Definition 3.24. Let W be a wall for v. Let (β, H, t) be a point of W and (β ′ , H ′ , t ′ ) be a point in an adjacent chamber. Then we define the codimension of the wall W by (3.25) codim W := min
Proposition 3.25. Let v be a primitive Mukai vector with v 2 ≥ 6. Let W be a wall for v and take (β, H, t) ∈ W such that β ∈ NS(X) Q and H ∈ Amp(X) Q .
(1) W is a codimension 0 wall if and only if W is defined by
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(2) We take (β ± , ω ± ) from chambers separated by a codimension 0 wall W . We may assume that
Proof. (1) 2θ v ((1, 0, ℓ) 
Proposition 3.27. Let v be a primitive Mukai vector with v 2 ≥ 6. Let W be a wall for v and take (β, H, t) ∈ W such that β ∈ NS(X) Q and H ∈ Amp(X) Q .
(1) W is a codimension 1 wall if and only if W is defined by v 1 such that
For the second case, v 2 = 6, W v1 and W v2 intersect transversely and (β, H, t) ∈ W v1 ∩ W v2 . (2) Assume that (β, H, t) belongs to exactly one wall W . We take (β ± , ω ± ) from chambers separated by a codimension 1 wall W . In the notation of (1), we may assume that φ (β+,ω+) (E 1 ) < φ (β+,ω+) (E) for E 1 ∈ M (β,ω) (v 1 ) and E ∈ M (β+,ω+) (v). We set Remark 3.28. For the wall W in Propisition 3.27, we have an isomorphism f :
Indeed we have a map f as a birational map. We set ω + := tH + . Then
is relatively ample over Pic 0 (X) × X, f is an isomorphism. For the wall W in Propisition 3.25, we also have a similar isomorphism f by using Fourier-Mukai transform Ψ in Proposition 3.23.
The following results fit in the general result of Markman [9] on the movable cone of irreducible symplectic manifolds.
Theorem 3.29. Let (X, H) be a polarized abelian surface X. Let v be a primitive Mukai vector with v 2 ≥ 6. We take (β, H, t) ∈ H \ ∪ v1∈W W v1 such that β ∈ NS(X) Q and tH ∈ Amp(X) Q .
(1) Let D(β, tH) be a connected component of
The exceptional divisor is primitive in NS(K (β,tH) (v)), if u ∈ I 2 and the exceptional divisor is divisible by 2 in NS(
(1) We note that
Since there is no wall of codimension 0,1, we have a natural birational identification
is movable for 0 ≤ x ≤ 1. We take an adjacent wall u ⊥ (u ∈ I) of D(β, tH) separating ξ(β ′ , H ′ , t ′ ) and ξ(β, H, t). Then we find x 0 ∈ Q ∩ (0, 1) such that
) is movable, we may assume that C is not containd in its base locus. Then
Assume that x ∈ H * (X, Z) alg belongs to D(β, tH). If (x 2 ) > 0, then there are finitely many walls in a neighborhood of x. Hence we can take
and the segment connecting x 1 , x 2 passes x. Then θ v,β,tH (x) is nef and big, and gives a divisorial contraction. In particular,
If (x 2 ) = 0, then see Proposition 3.36. Therefore (1) holds. (2) is a consequence of Proposition 3.25 and 4.13. 
Proof. We have a birational map f : Remark 3.12) . For the birational map g :
Then the ampleness of L and
Corollary 3.32. Keep notations in Theorem 3.29 (1) Assume that I 1 = I 2 = ∅, that is,
For every divisorial contraction from a birational model of K (β,tH) (v), the exceptional divisor is primitive in NS(K (β,tH) (v)). (3) Assume that I 1 = ∅, that is,
Then there is a divisorial contraction from a birational model of K (β,tH) (v) such that the exceptional divisor is a prime divisor and divisible by 2 in NS(K (β,tH) (v)).
Let us study the structure of walls in a neighborhood of a rational point of
be a compact subset of P + (v ⊥ ) R and u an isotropic Mukai vector in the boundary of P + (v ⊥ ) R . Let uA be the cone spanned by u and A. We note that W A := {v 1 ∈ W | A ∩ v ⊥ 1 = ∅} is a finite set. We fix a point a ∈ A which does not lie on any wall and assume that there is no wall between u and a (cf. Remark 3.35).
Proof. Assume that w ∈ v ⊥ 1 ∩ uA. We take w ′ ∈ A such that w belongs to the segment uw ′ connecting u and w ′ . Assume that (
In particular the set of walls is finite in U ∩ uA and all walls pass the point u.
Proof. By Lemma 3.33, {v 1 ∈ W | v ⊥ 1 ∩ (uA \ {u}) = ∅} ⊂ W A . Hence (1) holds. (2) easily follow from (1).
Remark 3.35. Assume that e β satisfies e β , v = 0. Then we can set v = re β + ξ + (ξ, β)̺ X . We set If
is a finite set. We take H ∈ Amp(X) Q such that (H, r 1 ξ − rξ 1 ) = 0 for all v 1 ∈ B ′ . Then (β, H, t) (t ≪ 1) belongs to a chamber. Proposition 3.36. Let u be a primitive and isotropic Mukai vector with u ∈ P + (v ⊥ ) R . We take (β, H, t) ∈ H \ ∪ v1∈W W v1 such that ξ(β, H, t) and u are not separated by a wall. Then θ v,β,tH (u) gives a Lagrangian fibration
Proof. We take a Fourier-Mukai transform Φ :
, we may assume that rk u = 0. Then we have u = re β ′ with r = 0. We take w ∈ I 0 such that c 1 (w)/ rk w = β ′ , rk w > 0 . We set Y := M H (w) and let E be the universal family as twisted objects. Then we have (twisted) Fourier-Mukai transforms Φ
X→Y (v). Since ( β, tH, s) does not lie on any wall for
We note that the scheme-theoretic support Div(E) of a purely 1-dimensional sheaf is well-defined even for a twisted sheaf. Hence we have a morphism f : 
Hence we get a morphism (1, 0, −ℓ) ). By the isomorphism f * , the movable cones are isomorphic. By Thoerem 4.14, I 1 = ∅.
Remark 3.38. Proposition 3.37 also follows from [12, Lem. 4.9] . Indeed they characterize the generalized Kummer variety in terms of the class of the stably prime exceptional divisor δ such that 2δ should corresponds to the diagonal divisor. It implies the existence of an isotropic vector w in Proposition 3.37. The following result was conjecture by Mukai [19] . Indeed primitive isotropic Mukai vectors are described as w = ±(p 2 , −pqH, q 2 ), p, q ∈ Z and v, w = ∓(rq 2 + 2rpq + ap 2 ). Hence the claim follows from Proposition 3.37.
3.5. Walls for X with rk NS(X) ≥ 2. We shall show that there are many walls by using Fourier-Mukai transforms. We set (3.34)
Lemma 3.41. We set v = (r, ξ 0 , a) (r = 0) and ℓ := v 2 /2. An isotropic vector w ∈ H * (X, Z) alg ⊗ R satisfies w, v = 0 if and only if w = (rk w)e ξ0/r+ξ with rξ ∈ Q ℓ or w = (0, ξ, (ξ, ξ 0 )/r) with (ξ 2 ) = 0.
Proof. Assume that rk w = 0 and set w = (rk w)e ξ0/r+ξ . Since v = re ξ0/r − ℓ r ̺ X , the condition is 0 = e ξ0/r+ξ , v = −r(ξ 2 )/2 + ℓ/r. Thus rξ ∈ Q ℓ . If rk w = 0, then we set w = e ξ0/r (0, ξ, a) with (ξ 2 ) = 0. Then the condition is a = 0, which implies w = (0, ξ, (ξ, ξ 0 )/r).
Lemma 3.42. Assume that rk NS(X) ≥ 2. For ξ 0 ∈ NS(X) and an ample divisor ξ, there is ξ 1 ∈ NS(X) such that ξ 1 = ξ 0 + r(kξ + η) (k ≫ −(η 2 ), η ∈ NS(X)) and 2ℓ/(ξ 2 1 ) ∈ Q. Proof. We take an integer k 1 ≫ 0 such that ((ξ 0 + rk 1 ξ)
2 ) > 0. If 2ℓ((ξ 0 + rk 1 ξ) 2 ) ∈ Z, then ξ 0 + rk 1 ξ satisfies the claim. Assume that a := 2ℓ((ξ 0 + rk 1 ξ) 2 ) ∈ Z. We take η ∈ NS(X) with η, (ξ 0 + rk 1 ξ) = 0. Then ξ 1 := (rk 2 + 1)(ξ 0 + rk 1 ξ) − rη satisfies 2ℓ(ξ
Proposition 3.43. Assume that rk NS(X) ≥ 2. For v = (r, ξ 0 , a) with
Proof. Since ℓ ≥ r, u := (0, 0, −1) satisfies (1.2) and (1.4). Hence u defines a non-empty wall u ⊥ . We shall use Lemma 3.41 to show the claim. For rξ ∈ Q ℓ , we take a primitive and ample divisor H such that dH = ξ 0 + r(kξ + η) (k ≫ 0) and 2ℓ/(H 2 ) ∈ Q. Then lim k→∞ 2ℓ/( 
For ξ ∈ Amp(X) with (ξ 2 ) = 0, we have (0, ξ, (ξ, ξ 0 )/r) ∈ (0, 0, −1) ⊥ . Therefore the claim holds.
Lemma 3.44. Assume that v 1 defines a wall for v. Lemma 3.45. Let X be an abelian surface with NS(X) = ZH ⊥ L, where H is an ample divisor and L is a negative definite lattice. Assume that (H 2 ) = 2ℓ(4ℓra + 1), r, a ∈ Z >0 . We set v := (2ℓr, H, 2ℓa). Then v 2 = (H 2 ) − 8ℓ 2 ra = 2ℓ and there is no wall for v.
Proof. We note that v, w ∈ 2ℓZ for all w ∈ H * (X, Z) alg . By Lemma 3.44, there is no wall for v. 
Proof. We may assume that v = (r, ξ, a), where ξ is ample. We take g ∈ Stab 0 (v) * of infinite order. Then there is an autoequivalence Φ of D(X) which induces g. Then Φ induces an isomorphism M H (v) → M H (v).
If M (β,tH) (v) is birationally equivalent to M H (1, 0, −ℓ), we can get a more precise description of the stabilizer group. Since there is an auto-equivalence Φ : D(X) → D(X) with Φ(v) = (1, 0, −ℓ), it is sufficient to treat the case v = (1, 0, −ℓ). (2) We first assume that rk u 1 = 0. We set u 1 = (px, pqξ, y), where ξ ∈ NS(X) is primitive and gcd(x, qξ) = 1. Since u 1 is primitive, gcd(p, y) = 1. Assume that q 2 (ξ 2 ) = 0. Then p 2 q 2 (ξ 2 ) = 2pxy implies that p | x and q 2 | y. So we write u 1 = (p 2 s, pqξ, q 2 t) with (ξ 2 ) = 2st. Since 1 = v, u 1 , we have p 2 sℓ − q 2 t = 1. We set u 2 := v − ℓu 1 . Then u 2 = (1 − ℓsp 2 , −ℓpqξ, −ℓ(1 + q 2 t)) = −(q 2 t, ℓpqξ, ℓ 2 p 2 s). If st < 0, then we have (p 2 sℓ, q 2 t) = (1, 0) or (p 2 sℓ, q 2 t) = (0, −1). Since rk u 1 = 0, we have p 2 = s = ℓ = 1 and q = 0. Since q 2 (ξ 2 ) = 0, this case does not occur. Therefore st > 0. If q 2 (ξ 2 ) = 0, then y = 0 and p = ±1. Hence u 1 = ±(x, qξ, 0). Since 1 = v, u 1 = ±ℓx, x = ±1 and ℓ = 1. If q = 0, then u 1 = (1, 0, 0) and fits in the case (i), where we exchage u 1 and u 2 . If (ξ 2 ) = 0, then u 2 = (0, −qξ, −1) and fits in the case (ii).
We next assume that rk u 1 = 0. We set u 1 = (0, ξ, y). Remark 3.50. In [22] , the condition v = ℓu 1 + u 2 with u 1 , u 2 = 1, u Therefore Q ℓ,m is dense in Q ℓ .
(2) is a consequence of Lemma 3.42 and (1).
4. The case where rk NS(X) = 1.
4.1. The walls and chambers on the (s, t)-plane. From now on, let X be an abelian surface such that NS(X) = Z, where H is an ample generator. We set (H 2 ) = 2n. Let H := {(s, t) | t > 0} be the upper half planr and H := {(s, t) | t ≥ 0} its closure. We identify NS(X) R × C(Amp(X) R ) × R ≥0 with H via (sH, H, t) → (s, t). We shall study the set of walls.
Lemma 4.1 ([8] , [23, Cor. 4.9] ). If ℓ/n ∈ Q, there are finitely many chamber.
By this lemma, it is sufficient to treat the case where ℓ/n ∈ Q. Proof. We may assume that r = 0. Replacing v by −v, we may assume that r > 0. By the action of e mH , we may assume that |d| ≤ r/2. Since d 2 n − ra > 0, we have n/4 ≥ (d/r) 2 n > a/r. By our assumption, we have a < r. If a > 0, then we apply the isometry ξ : (r, dH, a) → (a, −dH, r). Applying the same arguments to ξ(v), we finally get an isometry Φ such that Φ(v) = (r ′ , d ′ H, a ′ ) with r ′ a ′ ≤ 0. 
